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ABSTRACT

)93 7%
A numerical method for designing a converging nozzle is presented.
Since the calculations are tedious, an IBM 1401 FORTRAN program was
developed and is included in the Appendix. A relation for the thrust coefficient
in a converging nozzle is also derived for isentropic flow.
As an example of the application of the numerical method, the

analysis of a specific Tsien nozzle is included.
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INTRODUCTION

The analysis in this report is divided into two parts. The first part
is the design of the contraction nozzle for a wind tunnel. The theory of this
design is based on the paper, '""On the Design of the Contraction Cone for a
Wind Tunnel'", which was published by Hsne~Shen Tsien. An IBM 1401
FORTRAN program which can be used to design the shape of nozzle is
given in this report. The second part is to predict the thrust coefficient
in the contraction nozzle with isentropic flow. An IBM 1401 FORTRAN
program which can be used to predict the thrust coefficient for isentropic
flow is also given in this report.

The purpose of this report is to provide theoretical information

for a given Tsien nozzle to check the experimental results.



ANALYSIS

Analysis of the Tsien Nozzle

The following derivation is based on axi-symmetric, incompressible,

irrotational, subsonic flow, The boundary conditions are assumed to be:

u = 1, k) at r= 0 (1-1)

v= O at y=0 (1-2)

The condition for irrotational flow is

av e o)

— - —

X ar

(1-3)

The equation of continuity is

2 _2 _
Py (re) + o> (rv) =0

By combining equations (1-2) and (1-3), the following equation can be

obtained.

due _ o at ¥ = O

(1-4)

dr (1_5)

Hence, uis an even function.
By combining equations (1-2) and (1-4), the following equation can
be obtained.

297(‘”’)=0 at y=0

Hence v is an odd function.



The functions u and v can be written as
2
) =Z y " (x) (1-6)
Zne !
y = Z (x) (1-7)

n= o 52n+l

-‘

By substituting equations (1-6) and (1-7) into equation (1-3), one obtains:

ST W= 2ar A, ()
n=0

nNs=so
Equating equal powers of r,

() = 2nf, (x) (1-8)

By substituting equations (1-6) and (1-7) into equation (1-4), one obtains

ix (ZYZ"*’FZ” (X)) +;97 (Zr”*zgznu (x)) =0

S P Y e P g, 00 =0

n=o Nneo

Equating equal powers of r,
;-
'CZn (x) = - (Zn-f 2>92n+/ (x) :

Replacing n by (n - 1),

£/ ()=-2n gy, (0

/ /7
X = —_———— ] X
T2 ) 2n 201 (x) (1-9)
Equations (1-8) and (1-9) give the recurrence relation for the

function on as follows:

Zn'an (x) = — Zn 1(’2(”_/)

or

/ u
'an(x) =7 (2’1)2’ ﬁz(n-l) (1-10)




Therefore,

)" p &
Xx) = A (x) -
-ﬂn() (2P (n 1P (1-11)

Substituting these expressions back into equation (1-6), one obtains,

(_/)n an.

) )[th
U = — zzn(n /)2 > (X) (1-12)

By replacing n by (n + 1) in equation (1-9), the following expressions can

be obtained.

g, 0= =10t

2(n+1)

(-/)n -ﬁz,n..-l
2(/1-/-/) zzn.(n /)2, o (X>

('/>ﬂ+/ (’”") 2n+/
Zzn+/ [(n*/)./]z' 'co (X)

Substituting these expressions back into equation (1-7), one obtains:

. i r2n+/ (_/)”+,(n+/l{l Zn+l (X>

—— szt/ ['(” S ,)!] 2 o

Replacing n by (n ~ 1) in the preceding equation, the following expression

is obtained.

oo an-l(/)n n Zn-1
V = Z Zzn_-l (’X ’/)2. 700 (x)
n={
2n-/ -/
(_/)n v ad Zn n (X
- n IZM (ﬂ/)z' ’ )

(1-13)



The resultant velocity is
i
2 2\ 2
V o= (a +vY) (1-14)
From the definition, a stream line can be defined as:

(1-15)

@ (%,y) = f’ u(x,y)dr

If the velocity distribution along the axis is known, the resultant
velocity w and the stream lines can be calculated by using equations (1-14)
and (1-15). The shape of the contraction cone is then determined by the
streamline along withc the velocity still varies monotonically.

An IBM 1401 FORTRAN program for calculating the velocity and
the streamline function is given in the appendix. The velocity distribution

on the x-axis is assumed to be of the same form as the error function; i. e.,

2

¥ / _(ZX)
U = ,(’ B — e d (1-16)
o(x) - '4+ Z Van X

The input data are the coefficients, i.e., A and B.

From the given contour (Figure 1), the continuity equation for
incompressible flow was used to calculate the velocity distribution along
the axis. The result is shown in the following table. Then, the velocity

distribution is approximated by the following functions and plotted in Figure 2.

-(':{—z)dx

X
/
04 X < 03342 |, - o.5595+2.¢9349f— e
% 2n

Xy

el A
izr
[o]

%) 4

0.3742 = ¥ £ 0.8021, w = 0.9/27+0.30207
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TABLE I
TSIEN NOZZLE

2
= T¥n
x y yz Yn-1 "~ "Yn-lz Yn
. 8021 . 500 .2500 1.0000
. 7353 . 5007 . 2507 . 9972
. 6684 . 5020 . 2520 . 9920
. 6016 . 5040 . 2540 . 9842
. 5348 . 5060 . 2560 . 9765
. 4679 .5100 . 2601 . 9611
.4011 .5154 . 2656 . 9412
. 3342 . 5234 . 2739 . 9127
. 2674 .5354 . 2866 .8723
. 2005 . 5548 . 3078 .8122
. 1337 . 5836 . 3406 . 7340
. 0668 . 6217 . 3865 . 6468
. 0000 . 6684 . 4468 .5595



The Determination of Cg vs. Pe/Pa for the

Given Contour of the Tsien Nozzle

The flow in the nozzle is assumed to be isentropic. Applying

the momentum equation to the control volume, the relation

F = va +(-Pf—_PJ)Af (2-1)

is obtained.

Equation (2-1) may be written in a dimensionless form as

RNNUEVENYS R A
RPh R4 o Pe (2-2)

Agsume the flow to be a perfect gas.

p p

A RT KRT VR (2-3)
Since Vv

M = VkrT

_T_-c_ = [ + ———-K ! M

T 2

(Stagnation temperature ratio substituting the relations for M and Te/T into

2-3), the following relationship is obtained.
Y / / 5 oye
A (2-4)

(2-5)




By using equation (2-5), P in equation (2-4) can be eliminated.

K
__PL.= (/+ K-1 MZ,)K-I
P

2 (2-6)

w/A is maximum when M =1.

W \/K(Z )%’- /
J 2-7
AP, R\ Kt/ /e (2-7)

From the energy equation and isentropic law, the exit velocity can be

written as

il
RS
N
\é\
o
\—/Nl\
NN
|
T~
" |
S—
s
N———r
L1

(2-8)

Substituting (2-7) and (2-8) into (2-2), one obtains

F 2 KL LB
o i (Z)L/J,#_fzmﬁ_i
o A A1\ K fe e B ]2-9)

e

Since the nozzle is a simple converging nozzle, (A, = A;), Pt/Pe is the

critical pressure ratio.

Pf (2 Z’—L/—
P. K +1 (2-10)




Substituting equation (2~10) into equation (2-9), one obtains:

K
il S
F ¥ | _2 2 4’-’\//_ Z +/ 2 R
‘ SRWLY K+! Kt 1 P,
X
_ KJ_z_ 2 Y& \/ﬂ L[ 2V A
- k-1 K#I K+ Y, Pe
KJ L2V, 2y A
K+1 \K+1 K+/ £
B sz (z £ /2 \¥ L2 = B
ket \ Kt K+ 2y, .

. \E
/((,(’1#/

]

Q\Q
h
o~

Il

.
k-1 , 2 w7 )
)G -

2 \x7 P
=z(“/) - (2-11)

From Equation (2-11) it is shown that the thrust coefficient in a
simple converging nozzle is a function of the ratio of the specific heat and

pressure ratio, P./P,.

11



DISCUSSION

The following discussion is divided into two parts, The first part
deals with the shape of the given Tsien Nozzle, and the second part deals
with the performance of the given nozzle, i.e., Cg vs. Pc/Pa'

(1) Since the shape of the Tsien nozzle is known and the flow is
incompressible, the continuity equation may be used to calculate the
velocity distribution along the x-axis. Then the velocity distribution as
calculated from the continuity relation is approximated by the function,
(1-16). Since the velocity distribution on the x-axis is known, the local
velocity and stream lines can be calculated by the program described in the
Appendix. The result of these calculations is shown in Figure 3. Any one
of the stream lines along which the local velocities are less than unity can
be considered to be the contour of a convergent nozzle. The given shape of
the Tsien nozzle is also plotted in Figure 3. The local velocity is subsonic
throughout the nozzle and the streamlines are approximately tangent to the
original contour. This Tsien nozzle can be considered a typical Tsien
nozzle.

According to Tsien's design criteria, boundary layer separation
and an adverse pressure gradient may be avoided if the pressure along the
wall decreases monotonically., The wind tunnel test results for this Tsien

nozzle (plotted in Figure 4) shows that the pressure does decrease

12
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Experimental Data from Wind Tunnel Laboratory giii

of Marshall Space Flight Center
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monotonically from the beginning of the cone to the end of the cone; therefore,
boundary layer separation should not occur in the typical Tsien nozzle.

(2) In the derivation of the thrust equation (2-11), isentropic flow
is assumed in the nozzle. The flow in the nozzle is approximately adiabatic
and since the nozzle is short, the frictional effects are comparatively small;
therefore, the flow may be considered isentropic. Equation 2-11 indicates
that the thrust coefficient for the Tsien nozzle is a function of the ratio of
specific heats and the pressure ratio, Pc/Pa' By assuming a value of the
ratio of specific heats, the theoretical thrust coefficient can be plotted
versus pressure ratio as shown in Figure 5. The wind tunnel test results
are also shown in the same figure so that a comparison of theoretical and
experimental data can be made. The results show that the experimental
thrust coefficient are very close.

From the theoretical analysis and experimental tests, it can be
concluded that the Tsien method may be used to design subsonic or sonic
nozzles and the performance of the Tsien nozzle gives a good agreement

with the theoretical values.

15
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101

DESIGN OF THE CONTRACTION CONE FOR A WIND TUNNEL
DIMENSION RHE200,PHI%200,FX%210
REAC1,A,B8,RMAX,XMAX
FORMATZF10.54F10.54,F10.5,F10.50
PRINT103

FORMATZ1HO y 1HX 39Xy 1HR 99X, LHU,,9X, LHV,9Xs 3HVEL o TX, 5SHSTRFUR
X#0.0

R#0.0

STPHSQRTF%2.%3.14160

PH #31./STPO#REXPFE—0.5#%X*x2000
RN#3.0

RHZ1o#X

RHZZ2DH#X%X—-1.

p0o21#3,20
RHZIO#X#RHEI~-10-RN#RHZI~-2n
RN#RNEL .

RN#-1.0

0DC31#1,20

PHIZIu#RN=PH*RHZID

RN#RN#3~-1.0

Z#X

IF8Z-1.05,5,15

12#1w1

I13#12+7

IS#HI3wL2

I7#25%22

IOHIT»22

11142972
ERFX#0.56419¢22-723/3.625/10.-27/42.629/216.-211/1320.0
FXZLO¥AEB=ERFX

GO T0 6

YHl./%2.%I%7nD
Y1#9.2Y/%1.610.%YDO
¥Y24#B.+Y/Z1.EY1DO

Y3#T.«Y/Z1l.6Y20

Yo#o6.»Y/31.6Y30

YS#S.=Y¥/21.6Y40

Y6h4.20Y/3leEY5D

YT#3.#Y/31l.LY6N

YBHZ2.»Y/Z1l.EYTO

YORY/Z1.8Y80

SER#1./%1.EY90
ERFX#.5-SER/%3.5449«Z+EXPFIZ#Inn
FXZ1o#AECB#ERFX

CONTINUE

DOTIH1,20

K#I€&1

FXEKDAB*PHIZIN

SUMU#0.O

C”"‘lo

p#ll

WHla.

R2H#R#R

THa4,

20



10

11

12

13
14

DO81I#2,20,2
SUMUASUMUEZC#R2»FXZIna/ET«ZWss20n
R2HR2%R %R

THT4,

ChCs2-1.n1

P#Pt1l.

WHWaP

U#FXE108LSUMU

SUMV#0.0

CiHtl.

PH2.

WK2.

T#l6.

QHR=R=R

D#2.

DO9I#3,21,2
SUMVHSUMVEEC#2 ., #D=Q«FX2Ia0ao/ET+TWw=200
CHC#»2~1.m

D#DEL.

RZ2#R#R

QHQ=R2

THT=4,

PEPE]l.

WHEW=P

PHBR#PH#B#3-,504R
VEPHBRESUMY
VELASQRTFEU«2EVen2n
SUMSTHO.O

Cﬂ-l.

P#l.

THa.

WHla.O

QG#4.

R4#R=R#R«R

DC101#2,20,2

IUMI #R4/QG6
SUMSTHSUMSTELEC»FXZIawZUMI/ET+%Wee»20n00
CHC»3—-1.0

P#PE1le.

WHW=P

QG#QGE2.0

THT 4,

R4H#R4=R =R )
STRFUHO.5#R#R#FXZ1afSUMST
PRINT11,X,R,UyV,VEL,STRFU
FORMATZFL10.6yF1l0.6yFl0.64F10.6,F10.6,F20.10n
RARE.OL
IFER-RMAXal101,101,12
X#XEC.1
IFZX~-XMAXD102,102,13
PRINT 14

FORMATZ 10X, 22HPROCESS IS COMPLETE o
END

L



DETERMINE THE THRUST COEFFICIENT IN A SIMPLE CONVERGING NOZZLE
REAC1,VK1l,VK2,DVK

REAC1,PR1,PR2,DPR

FORMATZ3F10.5n

STP#PR1

Afil./2VK1~-1l.m

BARX2./%2VK1lEl.O0O%sA

COEFF#2.#B-1./PR1

PRINT4,VK1,PR1,COEFF

FCRMATZ3F1C.50

PR1#PR1&DPR

IFZPR1-PR213,3,5

VK1I#VK1EDVK

IFEVK1-VvK208,8,6

PR1#STP

G0TC2

PRINT?

FORMATZ 10X,22HPROCESS IS CCMPLETE o
END
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